In this paper, we determine the type numbers of the pseudo-hyperbolic Gauss maps of all oriented Lorentzian surfaces of constant mean and Gaussian curvatures and non-diagonalizable shape operator in the 3-dimensional anti-de Sitter space. Also, we investigate the behavior of type numbers of the pseudo-hyperbolic Gauss map along the parallel family of such oriented Lorentzian surfaces in the 3-dimensional anti-de Sitter space. Furthermore, we investigate the type number of the pseudo-hyperbolic Gauss map of one of Lorentzian hypersurfaces of B-scroll type in a general dimensional anti-de Sitter space.
Introduction
The notion of finite typeness of isometric immersions into a Euclidean space was introduced by B.Y. Chen in the late 1970's (see [C1] , [C2] , [C3] , [CV] etc.). Later, the finite typeness of isometric immersions into a Euclidean space or, in more general, a pseudo-Euclidean space have been studied by many geometers (see [C1] , [C2] , [C3] etc.). B.Y. Chen and P. Piccinni ( [CP] ) extended the notion of the finite typeness to C ∞ -maps and studied the finite typeness of the Gauss map (which is not an immersion) of isometric immersions. Recently B. Bektaş, E.Ö. Canfes, U. Dursun and R. Yeǧin has been studied the finite typeness of the pseudo-spherical (resp. the pseudo-hyperbolic) Gauss maps of isometric immersions into the pseudo-sphere (resp. the pseudo-hyperbolic space) (see [BD] , [BCD1] , [BCD2] , [YD] ).
Let M be an n-dimensional pseudo-Riemannian manifold of index t and E m s be an m-dimensional pseudo-Euclidean space of index s. The smooth map φ : M → E m s is said to be of finite type if φ has the spectral decomposition: φ = φ 1 + · · · + φ k with φ i : M → E m s 's are non-constant map such that ∆φ i = λ i φ i , where ∆ is the Laplacian operator of M and λ i are constants, and furthermore, if λ i 's are mutually distinct, then φ is said to be of k-type. Denote by S m−1 s the (m − 1)-dimensional pseudosphere of constant curvature 1 and index s and H m−1 s the (m − 1)-dimensional pseudo-hyperbolic space of constant curvature −1 and index s. Let M be an n-dimensional oriented pseudo-Riemannian manifold of index t and x : M ֒→ S m−1 s ⊂ E m s be an isometric immersion. Let G(n + 1, m) t be the Grassmannian manifold consisting of (n + 1)-dimensional oriented non-degenerate subspaces of index t of E m s . Define a mapν : M → G(n + 1, m) t byν(p) = x(p) ∧ x * (e , the pseudo-hyperbolic Gauss mapν : M → G(n + 1, m) t+1 is defined. D.S. Kim and Y.H. Kim([KK] ) classified the Lorentzian surfaces of constant mean and Gaussian curvatures and non-diagonalizable shape operator in the 3-dimensional de Sitter S 3 1 and anti-de Sitter H 3 1 space as follows.
Fact 1. Let M 2 1 be a Lorentzian surface in S 3 1 or H 3 1 . If the mean and Gaussian curvatures are constant and the shape operator is not diagonalizable at a point, then M 2
1 is an open part of a complex circle or a B-scroll.
B. Bektaş, E.Ö. Canfes and U. Dursun ([BCD1] ) determined the type number of the pseudospherical Gauss map of an oriented Lorentzian surface in S 3 1 of non-zero constant mean curvature and non-diagonalizable shape operator at a point.
Fact 2. An oriented Lorentzian surface in S 3 1 of constant mean curvature and non-diagonalizable shape operator is of null 2-type pseudo-spherical Gauss map if and only if it is an open part of a non-flat B-scroll over a null curve.
In this paper, we determined the type numbers of the pseudo-hyperbolic Gauss maps of such Lorentzian surfaces in H 3 1 .
Theorem A. Let M be an oriented Lorentzian surface in H 3 1 of constant mean and Gaussian curvatures and non-diagonalizable shape operator. The following facts hold.
(i) If M is the complex circle of radius −1, then the pseudo-hyperbolic Gauss map is of 1-type.
(ii) If M is the complex circle of radius κ (Re(κ) = −1, κ = −1), then the pseudo-hyperbolic Gauss map is of infinite type. (iii) If M is a non-flat B-scroll, then the pseudo-hyperbolic Gauss is of null 2-type. (iv) If M is a flat B-scroll, then the pseudo-hyperbolic Gauss map is of infinite type.
Remark 1.1. The shapes of the complex circles of radius −1 and κ (Re(κ) = −1, κ = −1) are as in Figure 1 .
Theorem B. Let M be a complex circle in H 3 1 and u be any real number. The parallel surface M u of M at distance u is a complex circle and the radius κ u of the complex circle M u moves over the whole of {z ∈ C | Re(z) = −1} when u moves over R. Hence the only parallel surface of M has the pseudo-hyperbolic Gauss map of 1-type and other parallel surfaces of M have the pseudo-hyperbolic Gauss map of infinite type.
Theorem C. Let M be a B-scroll in H 3 1 and u ∈ R sufficiently close to 0. If M is flat (resp. non-flat), then the parallel surface M u also is flat (resp. non-flat) B-scroll. Hence the type numbers of the pseudo-hyperbolic Gauss maps of the parallel surfaces of a B-scroll are equal to that of the original B-scroll.
Furthermore, we prove the following fact for the pseudo-hyperbolic Gauss map of one of the ndimensional Lorentzian hypersurfaces of B-scroll-type given by of L.J. Alias, A. Ferrandez, and P. Lucas( [AFL] ).
Assume that k 1 (s) = 0, k 2 2 = 1 and k i is non-zero constant for i = 3, 4, · · · , n − 2. The immersion
given by
parametrizes an oriented Lorentzian hypersurface of H n+1 1
. The pseudo-hyperbolic Gauss map of this oriented Lorentzian hypersurface is of infinite type.
Basic notions and facts
Let , be the non-degenerate symmetric linear form of the m-dimensional real vector space R m defined by
where v = (v 1 , v 2 , · · · , v m ) and w = (w 1 , w 2 , · · · , w m ). Letg be the pseudo-Euclidean metric of index s on the m-dimensional affine space R m induced from , , i.e.
where (x 1 , · · · , x m ) denotes an affine coordinate of R m . Denote (R m ,g) by E m s . For x 0 ∈ E m s and c > 0 , we put
s of constant curvature c and index s (resp. constant curvature −c and index s − 1), called a pseudo-sphere (resp. a pseudo-hyperbolic space). In particular, S Let M t be an n-dimensional pseudo-Riemannian submanifold of index t in E m s immersed by x, for the simplicity, we denote x(M t ) by M t . Let ∇ and∇ be the Levi-Civita connections of M t and E m s , respectively. Also, let∇ x the induced connection of∇ by x and ∇ ⊥ the normal connection of M t . For the simplicity, we denote all metrics by the common symbol , . We take a local orthonormal frame field (e 1 , · · · , e n ) of the tangent bundle T M t of M t defined on an open set U of M t and a local orthonormal frame field (e n+1 , · · · , e m ) of the normal bundle T ⊥ M t of M t defined on U . Put ǫ A := e A , e A = ±1 (A = 1, . . . , m). Let {ω AB } A,B=1,··· ,m be the connection form of∇ with respect to (e 1 , · · · , e n , e n+1 , · · · , e m ), {ω ij } i,j=1,··· ,n the connection form of ∇ with respect to (e 1 , · · · , e n ) and {ω ⊥ rs } r,s=n+1,··· ,m the connection form of ∇ ⊥ with respect to (e n+1 , · · · , e m ), that is,
for X ∈ T M t . Also, let h r ij be the components of the second fundamental form h of M t with respect to (e 1 , · · · , e n , e n+1 , · · · , e m ), that is, h(e i , e j ) = m r=n+1 h r ij e r and A r the shape operator of M t for e r , that is, A r = A er , where A denotes the shape tensor of M t . Then we have ω AB + ω BA = 0, (2.10) and (2.4) is rewritten as
ǫ i e i (f )e i , and Laplacian operator ∆ of M t with respect to the induced metric is given by ∆ = n i=1 ǫ i (∇ e i e i − e i e i ).
) if φ has the following spectral decomposition as follows;
If φ has this spectral decomposition and λ i 's are mutually distinct constant, then the map φ is said to be of k-type, and when one of λ i 's is equal to zero, the map φ is said to be of null k-type.
For a map of finite type, the following fact holds. Proof. Assume that φ is of finite type and φ has the following spectral decomposition;
Therefore we have k = 1 and λ 1 = 0, that is, ∆φ = 0.
Let C n+1 be the (n + 1)-dimensional complex vector space which is identified with R 2n+2 . Define a non-degenerate symmetric bilinear form , of the
Definition 2. Fix a non-zero complex number number κ. We put
is called a complex sphere of radius κ. In particular, when n = 1, it is a complex circle of radius κ.
Remark 2.1.
Definition 3. A tangent vector v of pseudo-Riemannian manifold M is said to be
The category into which a given tangent vector falls is called its causal character. The causal character of a curve γ in M is that of the velocity γ ′ .
where ǫ = +1 if in S 3 1 , ǫ = −1 if in H 3 1 , k 1 and k 2 are positive-valued functions. This frame field (A, B, C) is called the Cartan frame field along γ. The the function k 1 and k 2 are called the first curvature and the second curvature of γ, respectively. Then the immersion x(s, t) = γ(s) + tB(s) parametrizes a Lorentzian ruled surface M in S 3 1 or H 3 1 . In this paper, if k 2 is constant, then M is called the B-scroll over γ.
3 Pseudo-spherical and Pseudo-hyperbolic Gauss map Let G(n + 1, m) be Grassmannian manifold consisting of (n + 1)-dimensional oriented non-degenerate subspaces of E m s , Let G(n+1, m) t+1 be the submanifold of G(n+1, m) consisting of (n+1)-dimensional oriented non-degenerate subspaces of index t + 1 of E m s . Let ( e 1 , · · · , e m ) and ( e 1 , · · · , e m ) be two orthonormal frames of E m s . Let e i 1 ∧ · · · ∧ e i n+1 and e j 1 ∧ · · · ∧ e j n+1 be two vectors in n+1 E m s . Define an indefinite inner product , on n+1 E m s by
Figure 2 : B-scroll over γ Therefore, we may identify n+1 E m s with the pseudo-Euclidean space E N q for some positive integer q, where N = m n+1 . The Grassmannian manifold G(n + 1, m) t+1 can be imbedded into a pseudoEuclidean space n+1 E m s ≃ E N q by assigning Π ∈ G(n+1, m) t+1 to e 1 ∧· · ·∧ e n+1 where ( e 1 , · · · , e n+1 ) is an orthonormal basis of Π compatible with the orientation of Π.
Let
where (e p 1 , · · · , e p n ) is an orthonormal frame of T p M t compatible with the orientation of M t . This map ν is called the pseudo-hyperbolic Gauss map of x. In the sequel, we all rewrite x * (e i ) by e i . Let (e 1 , · · · , e n ) be an local orthonormal frame field of T M t compatible with the orientation of M t and (e n+1 , · · · , e m ) be an local orthonormal frame field of T ⊥ M t defined an open set U of M t , respectively. The first derivative of the pseudo-hyperbolic Gauss mapν is given by
Yeǧin and Dursun proved the following fact.
. Then the Laplacian of the pseudo-hyperbolic Gauss map
. for some q is given by
where R r sjk = R D (e j , e k ; e r , e s ).
In case of n = m − 2, Yeǧin and Dursun have the following fact.
Lemma 3.2. [YD] For an oriented pseudo-Riemannian hypersurface M t with index t of
Lemma 3.3. If there exists a polynomial P (t) = (t−λ 1 )(t−λ 2 ) with mutually distinct roots λ 1 , λ 2 ∈ C such that P (∆)ν = 0, thenν is of at most 2-type or infinite type.
Proof. Assume thatν is of finite type and it has the following spectral decomposition;ν =νλ
Thus, we have (λ i − λ 1 )(λ i − λ 2 ) = 0 (1 ≤ i ≤ k). Hence, we haveλ i = λ 1 or λ 2 for all i, that is,ν is of at most 2-type. Hence the statement of this lemma follows.
4 Proof of (i) and (ii) of Theorem A.
In this section, we prove (i) and (ii) of Theorem A.
Proof of (i) and (ii) of Theorem A. Let M be the complex circle of radius κ in H 3 1 . This surface M is parameterized as
where √ κ is one (with smaller argument) of squared roots of κ. Note that M is included by H 3 1 because of Re(κ) = −1. For the convenience, we put
. By simple calculations, we have
Also, we can show that the unit normal vector field N of M in H 3 1 is given by N = (d+ √ −1c)(cos z, sin z). With respect to the frame field (x x , x y ), the shape operator A N in the direction N is expressed as
where α = − 2cd c 2 +d 2 and β = 1 c 2 +d 2 . Put e 1 := x x ,ẽ 2 = x y − x y , e 1 e 1 and e 2 = 1 |ẽ 2 |ẽ 2 . Then (e 1 , e 2 ) forms an orthonormal tangent frame field on M . Note that e 1 , e 1 = −1, e 2 , e 2 = 1 and |ẽ 2 | 2 = 1 + 4c 2 d 2 . With respect to (e 1 , e 2 ), the shape operator A N is expressed as
Thus, by remarking α = −2cdβ and c 2 − d 2 = −1, we obtainĤ = α and ĥ 2 = 2(α 2 − β 2 ), whereĤ andĥ denote the mean curvature and the second fundamental form of M in H 3 1 . Hence, by (2.11), M is flat. By (3.2) and (3.3), we have ∆ν = 2(α 2 − β 2 )ν + 2αN ∧ e 1 ∧ e 2 , (4.1)
Therefore by Lemma 3.3,ν is either of finite type with type number k ≤ 2 or of infinite type. If κ = −1, then we have c = 0 and hence α = 0. Therefore, it follows from (4.1) that ∆ν = −2β 2ν , that is,ν is of 1-type. If κ = −1, then we have α = 0. Hence it follows from (4.1) thatν is of not 1-type. Therefore,ν is of 2-type or of infinite type. Suppose that it is of 2-type, and thatν has decompositionν =ν 1 +ν 2 (∆ν 1 = λ 1ν1 , ∆ν 2 = λ 2ν2 ). where λ 1 , λ 2 ∈ R are mutually distinct. From (4.1) and (4.2),ν 1 andν 2 can be expressed as
for some constants a and b. By substituting (4.4) and (4.5) into (4.1) and (4.2), and comparing coefficient ofν and N ∧ e 1 ∧ e 2 , we have
Therefore, we obtain
The discriminant of (4.7) is
<0.
(4.8)
Therefore, there is no λ 2 ∈ R satisfying (4.7). Thus a contradiction arises. Therefore,ν is of infinite type.
5 Proof of (iii) and (iv) of Theorem A.
In this section, we prove (iii) and (iv) of Theorem A.
Proof of (iii) and (iv) of Theorem A. Let (A, B, C) be the Cartan frame field along a null curve γ(s) in H 3 1 given by Definition 4. Then, the immersion x(s, t) = γ(s) + tB(s) parametrizes the B-scroll over a null curve γ. We have x s (s, t) = A(s) + t(k 2 C(s) − γ(s)) and x t (s, t) = B(s) and hence
The unit normal vector field of x is given by N (s, t) = k 2 tB(s) + C(s). With respect to the frame (x s , x t ), the shape operator A N in the direction N is expressed as
When |k 2 | > 1 and t = 0, an orthonormal frame field (e 1 , e 2 ) on M is given by
By simple calculations, we have
Thus, with respect to an orthonormal frame (e 1 , e 2 ), the shape operator A N is expressed as
and hence we haveĤ = −k 2 , ĥ 2 = 2k 2 2 . When |k 2 | < 1 and t = 0, we put e 1 = xs |xs| and e 2 = e 1 − |x s |x t . Similarly we haveĤ = −k 2 , ĥ 2 = 2k 2 2 . Hence M is non-flat B-scroll by (2.11) when k 2 2 = 1 and t = 0. We put e 3 := N and
It is clear thatν =ν 1 +ν 2 . Using (3.2) and (3.3) we obtain that ∆ν 1 = 0 and ∆ν 2 = 2(k 2 2 − 1)ν 2 . On the other hand, by using (3.1) and (3.3), we have
e 1 (e 3 ∧ e 1 ∧ e 2 ) = ǫ 1 e 3 ∧ x ∧ e 2 and hence e 1 (ν 1 ) = ǫ 1 k 1 (s) t 2 (k 2 2 − 1) 2 (x ∧ e 3 ∧ e 2 − x ∧ e 1 ∧ e 3 ) = 0. Thereforeν is of null 2-type.
When k 2 2 = 1 or t = 0, an orthonormal frame field (e 1 , e 2 ) on M is given by
Thus, with respect to an orthonormal frame (e 1 , e 2 ) ,the shape operator A N is expressed as
and hence we haveĤ = −k 2 and ĥ 2 = 2k 2 2 . Hence M is flat B-scroll by (2.11). Using (3.2) and (3.3), we obtain ∆ν = 2ν − 2k 2 e 3 ∧ e 1 ∧ e 2 = 0 and ∆ 2ν = 0. Thereforeν is infinite type by Lemma 2.1.
Conversely, assume that the pseudo-hyperbolic Gauss mapν is of null 2-type. Then, from (3.1), (3.2) and (3.3), we obtain (5.3) ∆ν = ĥ 2ν + 2Ĥe 3 ∧ e 1 ∧ e 2 ,
Sinceν is of null 2-type, we can putν =ν 1 +ν 2 with ∆ν 1 = 0 and ∆ν 2 = λ 2ν2 (λ 2 = 0), whereν 1 is non-constant. Then we have ∆ 2ν = λ 2 ∆ν. This together with (5.4) implies, e j ( ĥ 2 ) = 0 (i.e. ĥ 2 is constant), λ 2 = ĥ 2 − 2. Hence the Gaussian curvature is constant, that is, ∆( ĥ 2 ) = 0. This together with (5.4) implies that ĥ 2 = 2Ĥ. Hence, from (2.11), we have
From Fact 1, (i) and (ii) of Theorem A, M is an open part of a non-flat B-scroll.
6 Proof of Theorems B and C.
In this section, we consider the pseudo-hyperbolic Gauss map of the parallel surface of a complex circle and a B-scroll.
Definition 5. LetM be a pseudo-Riemannian manifold and M be a pseudo-Riemannian hypersurface ofM with unit normal vector field N . At least locally and for u ∈ R sufficiently close to 0, for the map
is called the parallel surface of M at distance u, where exp x(p) denotes the exponential map ofM at x(p) and γ Np denotes the geodesic inM with γ ′ Np (0) = N p .
) be a Lorentzian hypersurface and N be its unit normal vector field. Then x u is given by x u (p) = cos ux(p) + sin uN p (p ∈ M ).
) be a Lorentzian hypersurface and N be its unit normal vector field. Then x u is given by
Proof of Theorem B. Let M be a complex circle in H 3 1 , κ be the radius of M . Let
1 , we have Re(κ) = c 2 − d 2 = −1. We remember that a unit normal vector field N of M is given by N (z) = (d + √ −1c)(cos z, sin z). Hence the parallel surface M u of M at distance u is parameterized by
where κ u is the complex number satisfying
. Thus M u is the complex circle of radius κ u . It is easy to show that, when u moves over (−∞, ∞), κ u moves over the whole of {z ∈ C | Re(z) = −1}. There the statement of Theorem B follows from (i) and (ii) of Theorem A.
Next we prove Theorem C.
Proof of Theorem C. We consider a B-scroll M (: ⇔ def x(s, t) = γ(s) + tB(s)) in H 3 1 . Since N (s, t) = k 2 tB(s) + C(s) where k 2 is the second curvature of γ, the parallel surface M u of M is parameterized as x u (s, t) = r(u)tB(s) + sinh uC(s) + cosh uγ(s).
We put r(u) := cosh u + k 2 sinh u. By simple calculations, we have
and hence
If r(u) = 0, then x u is not immersion. Hence, we need to assume that
The unit normal vector field N u of M u is given by N u (s, t) = k 2 +r(u) sinh u cosh u tB(s) + cosh uC(s) + sinh uγ(s). Hence the shape operator A N u in the direction N u is expressed with respect to the usual frame (
∂s is non-null, we put
We have |ẽ 2 | = r(u) 2 . We put e 2 := 1 r(u) 2ẽ2 . Then, with respect to an orthonormal frame (e 1 , e 2 ), the shape operator A N u is expressed as
. Thus, the mean curvatureĤ u = −α and ĥ u 2 = 2α 2 .
When ∂x u ∂s is null, an orthonormal frame field (e 1 , e 2 ) on M u is given by
With respect to (e 1 , e 2 ), the shape operator A Nu is expressed as
where
2r(u) 2 . Thus, the mean curvatureĤ u = −α and ĥ u 2 = 2α 2 . In both cases, it follows that M u has constant Gaussian curvature. Hence, by Fact 1, M u is a B-scroll or a complex circle. By Theorem B, M u is a B-scroll. By (2.11), M u is flat if α 2 = 1 and M u is non-flat if α 2 = 1. Assume that M u is flat for some u = 0. Then we have α 2 = 1 and hence r(u)(− sinh u ± cosh u) = k 2 . From this relation, we have k 2 = ±1. Hence we obtain the second-half of statement of this theorem.
Remark 6.1. We put
and
is a focal submanifold of M by (6.1).
Remark 6.2. In S 3 1 , we can derive the following fact similar to Theorem C and Remark 6.1. We put
in the case of k 2 < −1
Figure 4 : focal submanifold of B-scroll 7 Cartan frame field of null curve of general order E. Cartan showed that the existence of the Frenet type frame along a null curve of R 3 1 , called Cartan frame. K. L. Duggal and A. Bejancu ([DB] ) constructed a Frenet type frame and equations along a null curve of a Lorentzian manifold. D. H. Jin ([J] ) constructed a new type Frenet frame and equations simpler than Duggal and Bejancu's Frenet frame and equations, by using it. Also, he proved that if we takes a special parameter (called distinguished parameter) then it becomes simpler moreover. Daggal and Bejancu-type Frenet frame is called the general Frenet frame and Jin-type one is called the natural Frenet frame. Frenet equations also are named similary. In particular, Ferrandez-GimenezLucas ( [FGL] ) call Natural Frenet of null curves γ parameterized by pseudo-arc parameter (that is ∇γγ, ∇γγ = 1) the Cartan frame field. Note that the Cartan frame in this paper differ from the meaning of [FGL] .
. . . Natural Frenet equations of null curves parameterized by distinguished parameter and (7.2) equations are the same form by remarking A, B = −1. The frame field in Lemma 7.1 is different from the Natural Frenet frame field in constructive method and parameters condition. We construct in the order of A, C, B, Z 1 , · · · , Z n−3 , while they construct in the order of A, B, C, Z 1 , · · · , Z n−3 . Also, we constructed the frame field directly while they constructed the natural Frenet frame field by way of a general Frenet frame fields. In [FGL] , the Cartan frame in the sense of their is constructed directly. Their constructive method and that of Lemma 7.1 are the same except for a null curve parameterized by pseudo-arc or not. In this paper, a parameter of γ is arbitrary, that is, ∇γγ, ∇γγ is non-constant.
Proof. We constitue it like the Frenet formula. First we show that ∇γA is non-null. Suppose that ∇γA is null. Since γ is of order d(≥ 3), A and ∇γA are linearly independent. Denote by W 1 the 2-dimensional subspace spanned by A and ∇γA. Also we have
Let (e 1 = A, e 2 = ∇γA, e 3 , · · · , e n ) be a frame field along γ(s). Then we have
This contradicts the fact that , is Lorentzian. Therefore ∇γA is non-null. We put k 1 (s) = | ∇γA, ∇γA | and C(s) = 1 k 1 (s) ∇γA, and ǫ C := C, C . We have
Also we have ∇γC, C = 0 and A, C = 0, Hence
Let (ê 1 = C,ê 2 = A,ê 3 , · · · ,ê n ) be a frame field along γ satisfying (ê 2 , · · · ,ê n ) is a frame field of Span{C} ⊥ . Then we have
Therefore we have ǫ C = 1 and ∇γC, A = −k 1 because , is Lorentzian. Hence we have Since γ is of order d(≥ 3), we have dim(Span{A, ∇γC}) = 2. From these facts, it follows that Span{A, ∇γC} is a 2-dimensional Lorentzian space. There is a unique null vector B ∈ Span{A, ∇γ C} such that A, B = −1. It can be expressed as ∇γC = aA + bB for some functions a and b because ∇γC ∈ Span{A, B}.
We have b = k 1 by (7.4). We put k 2 := a. Put W 2 = Span{A, B, C} ⊥ , which is (n − 3)-dimensional Euclidean space. We put ∇γB =âA +bB + cC + Z (Z ∈ W 2 ).
We have
, then we have Z = 0. In the sequel, we consider the case of d ≥ 4. We put k 3 = |Z| and Z 1 = Z |Z| . Then ∇γB can be expressed as ∇γB = k 2 C + k 3 Z 1 . We put ∇γZ 1 =ǎA +bB +čC +ž 1 Z 1 +Ẑ, whereẐ ∈ Span{A, B, C, Z 1 } ⊥ . Then we have
, then we haveẐ = 0. In the sequel, we consider the case of d ≥ 5. Then we haveẐ = 0. We put k 4 = |Ẑ| and Z 2 =Ẑ |Ẑ| . Then ∇γZ 1 can expressed as ∇γZ 1 = k 3 A + k 4 Z 2 . We put ∇γZ 2 =ãA +bB +cC +z 1 Z 1 +z 2 Z 2 +Z, whereZ ∈ Span{A, B, C, Z 1 , Z 2 } ⊥ . Then we haveã =b =c =z 2 = 0 andz 1 = −k 4 . If d = 5, then we haveZ = 0. In the sequel, we consider the case of d ≥ 6. Then we haveZ = 0. We put k 5 = |Z| and Z 3 =Z |Z| . Then ∇γZ 2 is expressed as ∇γZ 2 = −k 4 Z 1 + k 5 Z 3 . By repeating the same discussion, we can derive the relations in Lemma 7.1.
It has already been proven their uniquely exist of a null curve of R n 1 equipped with a general Frenet frame field for differentiable for any given functions k i : [−ǫ, ǫ] → R. For a null curve of S n 1 (or H n 1 ) and a Cartan frame field in the sense of [FGL] , respectively. See [DB] , [DJ] , [FGL] etc about these facts. We prove the above about the Cartan frame field in Lemma 7.1 in another method.
There is a unique null curve γ of order n of R n 1 equipped with a frame field (A, B, C, Z 1 , · · · , Z n−3 ) along γ satisfying (7.1) and (7.2).
Proof. We put V :=
. LetF be a matrix consisting column vector
If you give the initial value, the solution is unique. We prove that the solution satisfying (7.1). We put E := diag(−1, 1, · · · , 1). Let Φ be (7.5) solution with E as the initial value. It is easy to check that for any initial valueF 0 the solution expressed asF =F 0 EΦ and EK is skew-symmetric. Hence
we obtain tF = EF −1 E. Hence, the columns ofF form an orthonormal basis for R n 1 and V is timelike. Thus F satisfies (7.1). When we put γ(s) = s s 0 A(t)dt, γ is null curve satisfying (7.1) and (7.2). Lastly we prove the uniqueness of γ. Let γ 1 and γ 2 be null curves that have same Cartan curvatures
. When we put L :=F 0 2 (F 0 1 ) −1 , relationship betweenF 1 andF 2 isF 1 (s) = LF 2 (s). In particular, A 2 (s) = LA 2 (s) because V 2 (s) = LV 1 (s) and W 2 (s) = LW 1 (s). We put b := γ 2 (s 0 ) − Lγ 1 (s 0 ), we have
Since L is a pseudo-orthogonal matrix, it is linear isometry.
Remark 7.1. In the case of d = 3, we have
In the case of d = 4, we have
Lemma 7.2. Let γ be a null curve γ(s) of order d(≥ 3) in H n 1 (resp. S n 1 ) and (A, B, C, Z 1 , · · · , Z n−3 ) the Cartan frame field along γ(s). Then, with respect to the connection∇ of E n+1 2 (resp. E n+1 1 ), the following relations hold:
where ǫ = −1 (resp. ǫ = +1).
Proof. LetĤ x be the mean curvature vector of
). Then we havê
∇γZ n−3 = −k n−1 Z n−4 + A, Z n−3 Ĥ γ = −k n−1 Z n−4 . Proposition 7.2. Let k 1 , · · · , k n : [−ǫ, ǫ] → R be differentiable non-zero functions. There is a unique null curve γ of order n of H n 1 (or S n 1 ) equipped with a frame field (A, B, C, Z 1 , · · · , Z n−3 ) along γ satisfyingγ = A, (7.1), (7.6) and γ, γ = ǫ A, γ = B, γ = C, γ = Z i , γ = 0 (7.7) where ǫ = −1 (resp. ǫ = +1).
Proof. We put V = (A − B) andF = (γ V W Z 1 · · · Z n−3 ). Then (7.6) holdsḞ (s) =F (s)K(s) (7.8)
If you give the initial value, (7.8) solution is unique. Let E be diag(ǫ, −1, 1, · · · , 1). By simple calculations, we have tK = −EKE. Hence Let Φ be (7.8) solution with E as the initial value, then t Φ(s 0 ) = (EΦ −1 E)(s 0 ) = E. Thus tF = EF −1 E and (γ, A, B, C, Z 1 , · · · , Z n−3 ) satisfies (7.1) and (7.7).
8 Proof of Theorem D.
In this section, we prove Theorem D.
Proof of Theorem D. By Lemma 7.2, we have (ẽ n−1 + x t ), e n := 1 √ 2 ẽ n−1 , x t 1 2 (ẽ n−1 − x t ).
With the orthonormal frame field (e 1 , · · · , e n ), the shape operator A N is expressed as n−2 j=1 x s , e j . In both cases, ĥ 2 = n and the mean curvaturê H = −k 2 . By (2.11), M n 1 is scalar flat. Hence, ∆ν = nν − 2k 2 N ∧ e 1 ∧ e 2 = 0 and ∆ 2ν = 0 by (3.2) and (3.3). Therefore,ν is of infinite type by Lemma 2.1.
